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Fourier

GT (t) = u(t+ T/2)− u(t− T/2) , Tri2T (t) =
1

T
GT (t) ∗GT (t) , x(t) ∗ y(t) =

∫ +∞

−∞

x(β)y(t− β)dβ

X(ω) = F{x(t)} =

∫ +∞

−∞

x(t) exp(−jωt)dt , x(t) = F−1{X(ω)} =
1

2π

∫ +∞

−∞

X(ω) exp(jωt)dω

∫ +∞

−∞

| x(t)|
2
dt =

1

2π

∫ +∞

−∞

| X(ω)|
2
dω , F{x(t)} = X(ω) ⇔ F{X(t)} = 2πx(−ω)

F{GT (t)} = TSa(ωT/2), Sa(x) =
sen(x)

x
, F{Sa(ω0t/2)} =

2π

ω0
Gω0

(ω), F{Sa2(ω0t/2)} =
2π

ω0
Tri2ω0

(ω)

F{δ(t)} = 1, F{1} = 2πδ(ω), F{u(t)} = πδ(ω) +
1

jω
, F

{

Ix(t) =

∫ t

−∞

x(β)dβ
}

= X(ω)
(

πδ(ω) +
1

jω

)

F{exp(−a|t|)} =
2a

a2 + ω2
, a > 0, F{sinal(t)} =

2

jω
, F{x(t− τ)} = X(ω) exp(−jωτ), F{x(−t)} = X(−ω)

F{δ(t− τ)} = exp(−jωτ), F{x(t) exp(jω0t)} = X(ω − ω0), F
{

x(t) ∗ y(t)
}

= X(ω)Y (ω)

F{cos(ω0t)} = πδ(ω − ω0) + πδ(ω + ω0), F{sen(ω0t)} =
π

j
δ(ω − ω0)−

π

j
δ(ω + ω0)

F{
+∞
∑

k=−∞

δ(t− kT )} = ω0

+∞
∑

k=−∞

δ(ω − kω0), ω0 =
2π

T

F
{ d

dt
x(t)

}

= (jω)X(ω) , F{x(t)y(t)} =
1

2π
X(ω) ∗ Y (ω) , F{tmx(t)} = jm

dm

dωm
X(ω)

Laplace

H(s) = L{h(t)} =

∫ +∞

−∞

h(t) exp(−st)dt , s ∈ Ωh ,

∫ +∞

−∞

x(t)dt = X(s)
∣

∣

∣

s=0, 0∈Ωx

L{δ(t)} = 1, s ∈ C , L{x(t) = x1(t) ∗ x2(t)} = L{x1(t)}L{x2(t)} , Ωx = Ωx1
∩ Ωx2

L{y(t) = x(t− τ)} = X(s) exp(−sτ) , Ωy = Ωx , L{exp(−at)u(t)} =
1

s+ a
, Re(s+ a) > 0

L{exp(−αt) cos(βt)u(t)} =
(s+ α)

(s+ α)2 + β2
,L{exp(−αt)sen(βt)u(t)} =

β

(s+ α)2 + β2
, Re(s+ α) > 0

L
{ tm

m!
exp(−at)u(t)

}

=
1

(s+ a)m+1
, Re(s+ a) > 0 , m ∈ N

L
{

y(t) =

∫ t

−∞

x(β)u(β)dβ
}

=
1

s
L{x(t)} , Ωy ⊃ Ωx ∩ {s ∈ C : Re(s) > 0}

L
{ tm

m!
u(t)

}

=
1

sm+1
, Re(s) > 0 , m ∈ N , L{x(−t)} = X(−s) , −s ∈ Ωx

L{y(t) = exp(−at)x(t)} = X(s+ a) ; Ωy = (s+ a) ∈ Ωx

L{y(t) = tmx(t)} = (−1)m
dmX(s)

dsm
, Ωy = Ωx , m ∈ N , L{ẋ(t)} = sX(s) , Ωẋ ⊃ Ωx
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Laplace (unilateral)

L{x(t)} =

∫ +∞

0

x(t) exp(−st)dt, L{ẋ(t)} = sL{x(t)} − x(0) , s ∈ Ωx

L

{

x(m)(t) =
dmx(t)

dtm

}

= smL{x(t)} −

m−1
∑

k=0

sm−k−1x(k)(0)

L
{ tm

m!
exp(−at)u(t)

}

=
1

(s+ a)m+1
, Re(s+ a) > 0 , m ∈ N

L{cos(βt) exp(−at)u(t)} =
s+ a

(s+ a)2 + β2
, Re(s+ a) > 0

L{sen(βt) exp(−at)u(t)} =
β

(s+ a)2 + β2
, Re(s+ a) > 0

x(0+) = lim
t→0+

x(t) = lim
s→+∞

sX(s) , lim
t→+∞

x(t) = lim
s→0

sX(s)

Coeficientes a determinar (equações diferenciais)

D(p)y(t) = 0 ⇒ y(t) =
m
∑

k=1

akfk(t), fk(t) modos próprios (considerando multiplicidades)

Se λ é raiz de multiplicidade r de D(λ), então exp(λt), t exp(λt), . . . , tr−1 exp(λt) são modos próprios.

D(p)y(t) = N(p)x(t) , se D̄(p)x(t) = 0 então D̄(p)D(p)y(t) = 0

Solução forçada: y(t) = yh(t) + yf (t) ⇒ D(p)yf (t) = N(p)x(t) , D(p)yh(t) = 0

yf (t) =
m
∑

k=1

bkgk(t), gk(t) modos forçados (considerando multiplicidades e ressonâncias)

Variáveis de estado: v̇(t) = f(v(t), x(t), t), y(t) = g(v(t), x(t), t)

Pontos de equiĺıbrio: v̄ tais que f(v̄, x̄) = 0, x̄ =cte.

Sistema linear (em torno dos pontos de equiĺıbrio)

A =

[

∂fi
∂vj

]∣

∣

∣

∣

v̄,x̄

, B =

[

∂fi
∂xj

]∣

∣

∣

∣

v̄,x̄

, C =

[

∂gi
∂vj

]∣

∣

∣

∣

v̄,x̄

, D =

[

∂gi
∂xj

]∣

∣

∣

∣

v̄,x̄

N(p)

D(p)
=

β2p
2 + β1p+ β0

p3 + α2p2 + α1p+ α0
+ β3, A =





0 1 0
0 0 1

−α0 −α1 −α2



 , b =





0
0
1



 , c =
[

β0 β1 β2

]

, d =
[

β3

]

v̇ = Av + bx , y = cv + dx ,
N(p)

D(p)
= c(pI−A)−1b+ d = b′(pI− A′)−1c′ + d

v = T v̂ ⇒ Â = T−1AT, b̂ = T−1b, ĉ = cT , T não singular

A representação entrada-sáıda é invariante com transformações de similaridade.


