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Sinais discretos

Convolução: x1[n] ∗ x2[n] =

+∞
∑

k=−∞

x1[k]x2[n− k] , x[n] ∗ δ[n] = x[n] , x[n] ∗ δ[n −m] = x[n−m]

SLIT

⇒ y[n] = x[n]∗h[n] , h[n] = G{δ[n]} , y[n] = zn∗h[n] = H(z)zn , H(z) =
+∞
∑

k=−∞

h[k]z−k = Z{h[n]}

Resp. em frequência:
M(ω) exp(jφ(ω)) = H(z = exp(jω)) , h[n] real , x[n] = cos(ωn) ⇒ y[n] = M(ω) cos(ωn+ φ(ω))

Transformada Z
Z{anu[n]} =

z

z − a
, |z| > |a| , Z{−anu[−n− 1]} =

z

z − a
, |z| < |a|

Z{nan−1u[n]} =
z

(z − a)2
, |z| > |a| , Z{−nan−1u[−n]} =

z

(z − a)2
, |z| < |a|

Z{x[n]} = X(z), z ∈ Ωx ⇔ Z{x[−n]} = X(z−1), z−1 ∈ Ωx , Z{x1[n] ∗ x2[n]} = Z{x1[n]}Z{x2[n]}

Z{nmx[n]} =

(

−z
d

dz

)m

X(z) ,

+∞
∑

k=−∞

kmx[k] = Z{nmx[n]}
∣

∣

∣

z=1
, 1 ∈ Ωx , m ∈ N

Z{y[n] = x[n−m]u[n−m]} = z−mZ{x[n]u[n]} , m ∈ Z+ , Ωy = Ωx

Z{x[n +m]u[n]} = zm
(

Z{x[n]u[n]} −
m−1
∑

k=0

x[k]z−k
)

, m ∈ Z+

Z

{(

n
m

)

an−mu[n]

}

=
z

(z − a)m+1
, |z| > |a| , m ∈ N , Z{nanu[n]} =

az

(z − a)2
, |z| > |a|

Z

{(

n+m
m

)

anu[n]

}

= (1− az−1)−(m+1) =
zm+1

(z − a)m+1
, m ∈ N , |z| > |a|

x[0] = lim
|z|→+∞

X(z) , Ωx exterior de um ćırculo , x[+∞] = lim
z→1

(z − 1)X(z) , |z| > ρ , 0 < ρ ≤ 1

Transformada Z aplicada a probabilidade

GX(z) = E{zX} = Z{p[n]} =

+∞
∑

k=−∞

p[k]zk =

+∞
∑

k=−∞

Pr{X = k}zk

Sequências p[n] à direita do 0: GX(z) =

+∞
∑

n=0

1

n!

dn

dzn
GX(z)

∣

∣

∣

z=0
zn

E{X} =
∑

k

kp[k] , σ2
X = E{X2} − E{X}2 , E{Xm} =

(

zd

dz

)m

Z{p[n]}
∣

∣

∣

z=1

X, Y var. aleatórias independentes ⇒ E{z(X+Y)} = E{zX}E{zY}

X, Y var. aleatórias independentes ⇒ E{z(aX+bY)} = E{(za)X}E{(zb)Y}
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Coeficientes a determinar (equações a diferenças)

D(p)y[n] = 0 ⇒ y[n] =
m
∑

k=1

akfk[n] fk[n] modos próprios (considerando multiplicidades)

Se λ é raiz de multiplicidade r de D(λ), então λn, nλn, . . . , nr−1λn são modos próprios.

D(p)y[n] = N(p)x[n] , se D̄(p)x[n] = 0 então D̄(p)D(p)y[n] = 0

Solução forçada: y[n] = yh[n] + yf [n] ⇒ D(p)yf [n] = N(p)x[n] , D(p)yh[n] = 0

yf [n]: combinação linear dos modos forçados (considerando multiplicidades e ressonâncias)

Sinais cont́ınuos

GT (t) = u(t+ T/2) − u(t− T/2), δ(t) =
d

dt
u(t) , u(t) =

∫ t

−∞
δ(β)dβ ,

∫ +∞

−∞
f(t)δ(t)dt = f(0)

x1(t) ∗ x2(t) =

∫ ∞

−∞
x1(β)x2(t− β)dβ , x(t) ∗ δ(t) = x(t) , x(t) ∗ u(t) = Ix(t) =

∫ t

−∞
x(β)dβ

Ix∗y(t) = x(t) ∗ Iy(t) = Ix(t) ∗ y(t) = u(t) ∗ x(t) ∗ y(t) ,
d

dt

(

x(t) ∗ y(t)
)

= ẋ(t) ∗ y(t) = x(t) ∗ ẏ(t)

SLIT: y(t) = x(t) ∗ h(t), h(t) = G{δ(t)}

y(t) = exp(st) ∗ h(t) = H(s) exp(st), H(s) =

∫ +∞

−∞
h(t) exp(−st)dt = L{h(t)}, s ∈ Ωh

L{exp(−at)u(t)} =
1

s+ a
, Re(s+ a) > 0, L{y(t) = x(t− τ)} = X(s) exp(−sτ), Ωy = Ωx

Sinais ortogonais:
〈

x(t)y∗(t)
〉

=

∫ +∞

−∞
x(t)y∗(t)dt = 0 , Projeção ortogonal:

〈

ǫ(t)g∗k(t)
〉

= 0 , ∀k

Gram-Schmidt g1(t) = f1(t) ; gk(t) = fk(t)−

k−1
∑

ℓ=1

〈

fk(t)gℓ(t)
〉

〈

g2ℓ (t)
〉 gℓ(t) , k = 2, . . . , n

Série de Fourier

x(t) =

+∞
∑

k=−∞

ck exp(jkω0t) ⇔ ck =
1

T

∫

T

x(t) exp(−jkω0t)dt ,
1

T

∫

T

|x(t)|2dt =

+∞
∑

k=−∞

|ck|
2 (potência média)

FS{x(t)}T = {ck}ω0
⇒ c0 =

1

T

∫

T

x(t)dt (valor médio) , x(0) =

+∞
∑

k=−∞

ck

FS

{ d

dt
x(t)

}

T
= {jkω0ck}ω0

, FS

{

∫ t

−∞
x(β)dβ

}

T
=

{ 1

jkω0
ck

}

ω0

(x(t) com valor médio 0)

x(t) real: x(t) = a0 +

+∞
∑

k=1

(

ak cos(kω0t) + bksen(kω0t)
)

a0 = c0 =
1

T

∫

T

x(t)dt , ak = (ck+c−k) =
2

T

∫

T

x(t) cos(kω0t)dt , bk = j(ck−c−k) =
2

T

∫

T

x(t)sen(kω0t)dt


