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degrau: u[n] =

{

1, n ≥ 0
0, n < 0

, impulso: δ[n] =

{

1, n = 0
0, n 6= 0

, δ[n] = u[n]− u[n− 1], u[n] =

n
∑

k=−∞

δ[k]

Transf. Z: Z{x[n]}=

+∞
∑

k=−∞

x[k]z−k, Z{anu[n]}=
z

z − a
, |z| > |a|, Z{−anu[−n−1]}=

z

z − a
, |z| < |a|

Z{nan−1u[n]} =
z

(z − a)2
, |z| > |a| , Z{−nan−1u[−n]} =

z

(z − a)2
, |z| < |a|

Z{x[n]} = X(z), z ∈ Ωx ⇔ Z{x[−n]} = X(z−1), z−1 ∈ Ωx , Z{x1[n] ∗ x2[n]} = Z{x1[n]}Z{x2[n]}

m ∈ Z+ : Z{nmx[n]} =

(

−z
d

dz

)m

X(z) ,

+∞
∑

k=−∞

kmx[k] = Z{nmx[n]}
∣

∣

∣

z=1
, 1 ∈ Ωx

Z{y[n] = x[n−m]u[n−m]} = z−mZ{x[n]u[n]}, Z{x[n+m]u[n]} = zm
(

Z{x[n]u[n]}−
m−1
∑

k=0

x[k]z−k
)

Z

{(

n

m

)

an−mu[n]

}

=
z

(z − a)m+1
, |z| > |a| , m ∈ N , Z{n2anu[n]} =

az2 + a2z

(z − a)3
, |z| > |a|

Z

{(

n+m

m

)

anu[n]

}

= (1− az−1)−(m+1) =
zm+1

(z − a)m+1
, m ∈ N , |z| > |a|

x[0] = lim
|z|→+∞

X(z) , Ωx exterior de um ćırculo , x[+∞] = lim
z→1

(z − 1)X(z) , |z| > ρ , 0 < ρ ≤ 1

Transf. Z e Probabilidade: GX(z) = E{zX} = Z{p[n]} =

+∞
∑

k=−∞

p[k]zk =

+∞
∑

k=−∞

Pr{X = k}zk

GX(z) =
+∞
∑

n=0

1

n!

dn

dzn
GX(z)

∣

∣

∣

z=0
zn, X, Y var. aleat. independentes ⇒ E{z(X+aY)} = E{zX}E{(za)Y}

E{X} =
∑

k

kp[k] , E{Xm} =
∑

k

kmp[k] , σ2
X = E{X2} − E{X}2 , E{Xm} =

(

zd

dz

)m

Z{p[n]}
∣

∣

∣

z=1

Eq. dif. (Transf. Z): Z{y[n+ 2]u[n]} = z2Y (z) − z2y[0]− zy[1], Z{y[n+ 1]u[n]} = zY (z)− zy[0]
Eq. dif. (Coef. a determinar): py[n] , y[n+ 1], Autofunção (SLIT): x[n] = zn ⇒ yf [n] = H(z)zn

D(p)y[n] = 0 ⇒ y[n] =
∑m

k=1 akfk[n], fk[n] modos próprios (considerando multiplicidades)
λ: raiz de multiplicidade r de D(λ) ⇒ λn, nλn, . . . , nr−1λn (r modos próprios)

D(p)y[n] = N(p)x[n] , se D̄(p)x[n] = 0 então D̄(p)D(p)y[n] = 0

Solução forçada: y[n] = yh[n] + yf [n] ⇒ D(p)yf [n] = N(p)x[n] , D(p)yh[n] = 0

yf [n] =
m
∑

k=1

bkgk[n], gk[n] modos forçados (considerando multiplicidades e ressonâncias)

Variáveis de estado: v̇(t) = f(v(t), x(t), t), y(t) = g(v(t), x(t), t)
Ponto de equiĺıbrio: v̄ tal que f(v̄, x̄) = 0, x̄ =cte. Sistema linear (em torno de v̄)

A =

[

∂fi

∂vj

]
∣

∣

∣

∣

v̄,x̄

, B =

[

∂fi

∂xj

]
∣

∣

∣

∣

v̄,x̄

, C =

[

∂gi

∂vj

]
∣

∣

∣

∣

v̄,x̄

, D =

[

∂gi

∂xj

]
∣

∣

∣

∣

v̄,x̄















Autovalores: det(λI −A) = 0
∃i | Re(λi) > 0 : v̄ instável
Re(λi) < 0,∀i : v̄ assint. estável
∃i | Re(λi) = 0 : v̄ inconclusivo

p =
d

dt
,

N(p)

D(p)
=

β2p
2 + β1p+ β0

p3 + α2p2 + α1p+ α0
+ β3 = c(pI−A)−1b+ d = b′(pI−A′)−1c′ + d

A =





0 1 0
0 0 1

−α0 −α1 −α2



 , b =





0
0
1



 ,

c =
[

β0 β1 β2

]

, d =
[

β3
]

A′ =





0 0 −α0

1 0 −α1

0 1 −α2



 , c′ =





β0

β1

β2



 ,

b′ =
[

0 0 1
]

, d =
[

β3
]

v̇ = Av + bx , y = cv + dx ,
N(p)

D(p)
= c(pI−A)−1b+ d = b′(pI−A′)−1c′ + d

v = T v̂ ⇒ Â = T−1AT, b̂ = T−1b, ĉ = cT , T não singular


